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Abstract 

This paper is concerned with index pairs in the sense of Conley index theory 
for flows relative to pseudo-gradient vector fields for C^-functions satisfying Palais- 
Smale condition. We prove a deformation theorem for such index pairs to obtain a 
Lusternik-Schnirelmann type result in Conley index theory. 
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1 Introduction 

Conley's homotopy index has proved to be a useful tool in critical point theory. In most 
of the applications of critical point theory, we deal with a (7 1 -function on a complete 
Finsler manifold satisfying Palais-smale condition and we desire to estimate the number 
of critical points of such a function. There are two different viewpoints: the number of 
analytically distinct critical points which is discussed by Morse theory and the number 
of geometrically distinct critical points which is investigated by Lusternik-Schnirelmann 
theory [0. The applications of Conley index in Morse theory has been studied in details 
H|, P|, [3|, d, 0. This paper is concerned with the applications in Lusternik-Schnirelmann 
theory. (See also [[18], [L9|, |20], pi].) We consider the flow relative to a pseudo-gradient vector 



field for a C 1 -function on a complete Finsler manifold satisfying Palais-Smale condition. 
Then we prove the deformation results for index pairs in the sense of Conley index theory 
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for such a flow. Using a modification of the relative Lusternik-Schnirelmann category, we 
obtain a Lusternik-Schnirelmann type result in Conley index theory. 

We need some basic results from Conley index theory which are presented in Section 
2. Here we have extended the concept of regular index pair for the noncompact case. 
Then in Section 3, we define the concept of relative Lusternik-Schnirelmann category with 
a little modification so that it can be applied to index pairs and yield sharper results in 
critical point theory. Finally in Section 4, we prove our result concerning the existence of 
critical points for a C 1 -function on a complete Finsler manifold. 



2 Index Pair 

Let ip f be a continuous flow on a metric space X. An isolated invariant set is a subset 
I C X which is the maximal invariant subset in a closed neighborhood of itself, such a 
neighborhood is called an isolating neighborhood. In order to define the concept of index 
pair, we follow M and 



Given a closed pair (N, L) in X, we define the induced semi-flow on N/L by 

<p\x) if (p [0 > t] (x) C N - L 
[L] otherwise. 

In [ f20| , p2j | it is proved that ip$ : N/ L x R + — > N/ L is continuous if and only if 



<4 ■ N/L — N/L, <p\(x) 



(i) L is positively invariant relative to N, i.e. 

xeL,t> 0,<p m (x) C N ip m (x) C L. 

(ii) Every orbit which exits iV goes through L first, i.e. 

x e N, (p^'°°\x) (£N^ 3 t > with (p^(x) C N,(p t (x) G L, 
or equivalently if x E N — L then there is a t > such that Lp^°'^(x) C N. 



Definition. An index pair for an isolated invariant set I C X is a closed pair (N, L) in 
X such that iV — L is an isolating neighborhood for / and the semi-flow ip^ induced by 
ip l is continuous. 
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For every subset A G X and T G M + , we define 

G T (A) = {xG A\^- T ' T \x) G A}, 

T T (A) = {xG G T (A)\^ T \x) ndAy£ 0}. 

Now suppose that G T (A) C mi(A) for a closed subset A G X. Then A is an isolating 
neighborhood for I := f] T>Q G T (A). In 0], Benci proved that (G T (A),T T (A)) is an 
index pair for /. This index pair has a special property, that is for every x G T T (A), 
ip^(x) t G T (A). To see this, suppose that </? [0,3T] C G T (A), then ^~ T > AT \x) G A, 
hence ^ 2T \x) G G 2T (A) C mt(G T (A)). So y? T (x) £ T T (A) and by (i), x T T (A). 

Definition. An index pair (N, L) is called regular if the exit time map 

f aU p{t|^M( x ) C iV-L} ifxeiV-L, 
t+: N — > 0,+oo , r + (x) = < 

[0 if x g L, 

is continuous. For every regular index pair (N, L), we define the induced semi-flow on N 
by 

<p\: N xR + — ► N, ip\(x) = ^^(^(x) 



The reader is referred to |25fl to see the details about regular index pairs and the proof 



of the following useful criterion. 

Proposition 2.1. An index pair (N,L) is regular provided that ip<- 0,t '(x) <f_ N — L for 
every x G L and t > 0. 

Definition. An index pair (N, L) is called weakly regular if for every x G L, there exists 



t G R+ such that £ N - L. 

We showed that if G T (A) C mt(A) for a closed subset id, then (G T (A), r T (A)) is 



a weakly regular index pair. Now let (N, L) be an index pair and V := N — L. We define 
I + (V) = {x G y|^[°' + °°)(a;) C V}. It is not hard to see that I + {V) is closed subset of V. 
Notice that if (N, L) is a weakly regular index pair, then I + (V) f]L = 0. The following 
theorem asserts that there is a Lyapunov function for ipt on N/ L which separates [L] and 
I + (V). If we consider the natural projection 7r : N — > N/L, then we obtain a Lyapunov 
function on N which separates L and I + (V). (See [^J for a similar result in the compact 
case.) 
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Theorem 2.2. Let (N, L) be a weakly regular index pair and V = N — L. Then there 
exists a continuous function g : N/L — > [0, 1] such that 

(i) g- 1 (0) = [L] and^ 1 (l)=/+(V). 

(ii) If < g(x) < 1 and t G R + , then g(tp\(x)) < g(x). 



Proof. Let p : N/L — ► [0,1] be a continuous function with p 1 (0) = [L] and p 1 (1) = 
I + (V). We define / : N/L — ► [0, 1] by f(x) = sup p(<p\(x)). Then f-\0) — [L], = 

and /(y>|(a:)) < f(x) for every x G N/L. Moreover it is not hand to check that / is 
continuous in I + (V). Now suppose that < f(x) < 1 for some x G N — L. Then there is 
to G 1R + such that (p t() (x) G L. Since (N, L) is a weakly regular index pair there is a t\ G M + 
such that <^* 0+il G" V. Thus there is a neighborhood A of x such that <^ to+ * 1 (yl) n V = 
which means that (p^ +tl (A) = [L\. Therefore sup p((pUy)) = sup p(cpi(y)) for every 

t>0 0<t<t +ti 

x G A, hence / is continuous at x. It remains to show the continuity of / at [L] . Let e be 
a given positive number. For every x G L, there is a t G M + such that G" V. Thus 

there exists a neighborhood £4 of x such that p(<£>jj (t^)) < 6 an d ^(Px) C\V = 0. If we 
set {7 = Uxgl^' then U is a neighborhood of [L] in N/L with p((f^' +QC \u)) < e, hence 
f\u < s. The above argument shows that / is continuous. Now it is not hand to check 
that g := / + °° e~ l f ((p^(x))dt is the desired function [p5] . □ 



Corollary 2.3. Let (TV, L) be a weakly regular index pair for an isolated invariant set 
/. Then there exists a subset L' C N such that L C L' and (TV, L') is a regular index pair 
for / . 

Proof. Let g : N/L — > [0,1] be the Lyapunov function described above. Take V : = 
7r _1 ((7 _1 [0, e]) where 7r : N — > N/L is the natural projection and e G (0,1). Now by 
Proposition 2.1., (TV, £/) is a regular index pair for /. □ 



3 Relative Category 



The relative Lusternik-Schnirelmann category introduced by Fadell and Husseini |TT] has 
shown to give important information about the existence of critical points ||, 16]. For 
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every topological space X and a closed subset A C X, the relative category cat (X, A) is 
defined to be the minimum n for which there exists an open cover X = Uq U . . . U U n such 
that Uq can be retracted to A and U is contractible in X for 1 < i < n. Unfortunately 
this definition is not so efficient in Conley index theory. Indeed in this theory we deal 
with a pair in the form of (N/L, [L]) where (N, L) is an index pair for a continuous flow. 
Now one can see that if L is a large subset of N, then cat (N/L, [L]) is possibly a small 
number. Since the relative category is used to find a lower bound for the number of critical 



points, we can not obtain good estimates in critical point theory. (See 0, 19, 20|.) For 
this reason, we use a little modification of the relative category which is more efficient in 
Conley index theory. 



Definition. (Relative HLS category) Let X be a topological space and A C X be 
a closed subset. The relative Homotopy Lusternik-Schnirelmann category vh(X, A) is 
defined to be the minimum of n for which there exists an open covering X — Uq U . . . U U n 
such that A is a deformation retract of Uq and U is contractible in X — A for 1 < i < n. 

It is easy to see that vu(X, A) > cat(X, A). Unfortunately the relative category is 
not easy to compute. It is more convenient to use coho mo logical category |14| to find 



lower bounds for it. (See || |13|, [U| ^3] and references therein for other tools.) Suppose 
that H* is a co homology functor on X. A subset S C X is called cohomo logically 
trivial if the restriction map H k (X) — > H k (S) is zero for every k G N. Similarly for 
A C S C X, we say that (S, A) is cohomologically trivial in (X, A) if the restriction map 
H k (X, A) — > H k (S, A) is zero for every k eN. 



Definition. (Relative CLS category) The relative Cohomology Ljusternik-Schnirelmann 
category vc(X, A) is defined to be the minimum n for which there is an open covering 
Uq, ■ ■ ■ ,U n such that A C Uq and (Uq, A) is cohomologically trivial in (X, A) and U C 
X — A is cohomologically trivial in X — A for 1 < % < n. If such a covering does not exist, 
we set vq(X, A) = +oo. When A = 0, then uc(X) := vc(X, 0) is called CLS category. 

Recall that the cuplenth of a topological space X is defined to be the minimum integer 
N > such that for any set of cohomology classes ctj G if fcj (M), j = 1, ■ ■ ■ , N of degree 
kj > 1, the class («i U • • • U ajv)U = 3*( a i U • • • U a^) is zero. It is well-known that 
Vc(X) > cuplength(X) . (cf. |14|-) Now we introduce the concept of relative cuplength 



5 



which gives a lower bound for the relative CLS category. 



Definition. (Relative Cuplength) For A C X, we define the relative cuplength CL(X, A) 
to be the minimum integer N > such that for any set of cohomology classes atj G H ki {X), 
j = 1, ■ ■ ■ , N and «o G H k °(X, A) of degree fcj > 0, the class («o U «i U • ■ • U a at) is zero 
in H*(X, A). 



Proposition 3.1. v c {X, A) > CL(X, A). 

Proof. Let U and V be open subsets of X with A C V. Suppose that a G H*(X, A) and 
/3 G #*(X) such that a\ v = in #*(V,A) and /31c/ = in if* (17). Since U and V" are 
excisive subsets of X, the cup product map H*(X, V) <g> H*(X, U) — >■ H*(X,V\JU) is 



defined [0] and the following diagram is commutative with exact columns: 



H*{X,V) ® H*{X,U) — > H*(X,V\JU) 

J, J, i- 

H*(X,A) ® iJ*(X) — ► 

i' i' i- 

A diagram chase shows that (a U 0) = in H*(V [J U, A). Now the proposition is obvious 
by induction. □ 



Example 3.2. Let n : E — ► B be an m-dimensional orientable vector bundle over 
a metric space B. Then E admits a Euclidean metric and we may consider the disk 
bundle D(E) and sphere bundle S(E). Using the Thorn isomorphism, we conclude that 



CL(D(E)/S(E), [S(E)}) = CL(D(E),S(E)) = cuplength(M) . (See P, for the de- 
tails.) 



4 Critical Point Theory 

Let X be a complete Finsler manifold and / G C 1 (X, M). In [|], [T^J, it has been shown 
that / admits a pseudo-gradient vector field i.e. a map Y : X — > T(X) such that 
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(i) The equation x = Y(x) has a unique solution for every initial point xq G X, 

(ii) Y.f := (Df(x),Y(x)) > a(\\Df(x)\\) where a is a strictly increasing continuous 
function with a(0) = 0, 

(hi) ||F|| is bounded. 



Therefore we can consider the flow relative to a pseudo-gradient vector field for /. From 
now on, suppose that tp* is the flow relative to the pseudo-gradient vector field Y for 



/ G C 1 (X, R) and (N, L) is an index pair for if 1 such that / is bounded on V := N — L. 
Moreover we assume that / satisfies Palais-Smale condition in V. (See also [21].) 



Definition. We say that / satisfies Palais-Smale condition in V if any sequence {x n } C 
V such that f(x n ) is bounded and ||D/(ar n )|| — > possesses a convergent subsequence. 

The following lemma shows that under the above assumptions, (N, L) is a weakly 
regular index pair. Therefore we can use Corollary 2.3. to show the existence of a regular 
index pair in this situation. 



Lemma 4.1. There exists T G M + such that for every x G L, tp^ ,T \x) <£_ V. 
Proof. Suppose the contrary, then there is a sequence Xi G L and £j G M + such that 
t{ — ► +oo and Lp^ ,tl \xi) C V. Since L is positively invariant relative to N, we get 
cpfi'^^Xi) C L. Now L H V is a closed set which does not contain any critical point of 
/. Since / satisfies Palais-Smale condition in V, there is 5 > such that Y.f(x) > S for 
every x G L fl V. Therefore — /(xj) > Since tj — >■ +oo, it follows that 

/(</?** (xj)) — >■ +oo which contradicts the boundedness of fonV. □ 



Lemma 4.2. For large values of t G M + , ((^J) _1 ([L]) is a neighborhood of [L] in N/L. 
Proof. By the above lemma, there exists T G M + such that y9[ ' T ](x) ^ for every 
x E L. Thus there is a neighborhood t/ x . of x such that ^°' T \y) (jL V for every y G ?7 X . 
Now IJxeL Ux is a neighborhood of L, hence it defines a neighborhood U of [L] with 
<pf(U) = [L]. Therefore (<y9j) _1 ([L]) is a neighborhood of [L\ in N/L for every £ > T. □ 
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For every o 6 1, we define (N/L) a = [L] U {x G iV - L\f(x) > a}. The following two 
lemmas are reformulation of Deformation Theorems || for index pairs. 

Lemma 4.3. (First Deformation Theorem) Suppose that / has no critical points in 
(N - L) H f~ x [a,b\ for some a < b. Then there exists T G E+ such that (iV/L) a C 
{^)-\{N/LY). 

Proof. Since / has no critical points in the closed subset V H / _1 [a, 6] and / satisfies 
Palais-Smale condition in V, there is a 5 > such that K/ > 5 inV (~) J" 1 [a, 6]. Now for 
every T > ^ and x G V n /^[a, 6], we have /(^ T (x)) > a + 5T > b. □ 

Lemma 4.4. (Second Deformation Theorem) Suppose that / has exactly m critical 
points yi, . . . ,y m in (N — L) n J^ 1 [c — £o, c + £o] and /(|/i) = c for some cGi and Sq > 0. 
If Ui is a neighborhood of Xi in iV — L and T G M + , then there is an e G [0, Eq] such that 

C {^)-\{N/L)^) U Ur=i ^ 
Proof. Since ?/j is a rest point for cp l , there is an open set Vi C such that <^[°' T ](a;)riVi = 
for every a; G" C/j. Since / has no critical point in V fl f~ l [c — e ,c + e ] — (JILi ^ which 
is a closed subset of V and / satisfies Palais-Smale condition in V, there exists 5 > 
such that K/ > 5 in fl / -1 [c — e , c + e ] — [X=i ^ we se ^ 5 = "T> then for every 
x G Vn/ -1 [c-e,c + e] -UILi^j we have > > c-e + 2e = c + e. □ 

Proposition 4.5. Suppose that / has a finite number of critical points X\, ... , x n in V 
and £/j is a neighborhood of Xj in N — L for 1 < % < n. Then there are to, t\, . . . , t n G M + 
such that iV/L = (^^([L]) U UiLifaJ') -1 ^)- In particular if (N, L) is a regular index 
pair, then N = {y\°T\L) U U^*)" 1 ^) 

Proof. We use induction on the number of critical values of f\y- For k = 0, f has no 
critical points in 1/. Since / is bounded on V, there are a < b such that (N/L) b = [L] 
and (iV/L) a = N/L. Thus by Lemma 4.3., {<pJ)~\[L]) = N/L for some T G E+. Now 
suppose that / has k + 1 critical values c < Ci < c . . . < and Xe, . . . ,x n are critical 
points with f{xj) = Ck for i < i < n. If we use Lemma 4.4. for Eq = Ck ~^ k ~ 1 and 
T = 1, we obtain an e G [0,e ] such that (N/L) c ~ e C <pj\{N/L) c+£ ) U [fi=t u i- Moreover 
by Lemma 4.3., there is a T G R+ such that {N/L) c ~ e C ^ T {[L\). Therefore we have 
(N/L) c - £ C (<^[ +1 )- 1 ([L]) U \J i=t Ui. Now if we set L x = N n /^[c - e,+oo), then 
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(N,L\) is an index pair with k critical values, hence there are t' ,t[, . . . such that 
N/Li = {^-KiLiWUtlivf)' 1 ^). Now we set t = t +T+l,U = for 1 < i < £-1 
and ti = t' Q for I < i < n. Then it is not hard to check that 

n 

N/L = {^)-\[L\)V}\J{^)-\U i ).U 

i=l 

Theorem 4.6. / has at least uh{N/L, \L\) critical points in V. Moreover if (N,L) is a 
regular index pair, then / has at least f#(iV, L) critical points in V. 
Proof. We may assume that / has a finite number of critical points x%, . . . ,x n inV. Since 
X is a Banach manifold, we may choose a contractible open set U{ C N — L which con- 
tains Xi for 1 < i < n. Now by the above proposition, there are t 05 ^i ? ■ ■ ■ ,t n E M + such 
that N/L = (<ff)- l ([L]) U Ur=i(v ? S') _1 ( f/ i)- It is easy to see that each (y^)- 1 ^) is con- 
tractible in N — L. The only problem is that (^°) _1 ([L]) is not an open set. By Lemma 
4.2, there is T G R + such that int^i^)- 1 ^})) ^ 0. Now we replace ((^J )" 1 ( [Z,] ) by 
int(((p t ^ )+T )~ 1 ([L])) which is obviously invariant under (^jj and conrtactible to [L]. There- 
fore we obtain an open covering which follows that uh{N/L, [L]) < n. A similar argument 
for ip^ shows that if (N, L) is a regular index pair, then Ujj(N, L) < n. □ 

Example 4.7. Let E be an orientable vector bundle over a Finsler manifold X and B 
be a closed subset of X. We denote the disk and sphere bundles of E\ B by D and S 
respectively. Let / : E — > R be a C 1 function satisfying Palai-Smale condition in B and 
if 1 be the flow relative to a pseudo-gradient vector field for / such that (D, S) is an index 
pair for Then by Example 2.3. and the above theorem, / has at least vh{D,S) > 
cuplength(B) critical points in D. If we consider the case X = M x IR n , E = X x R m 
and B = M x D n C Mxl", then we obtain a noncompact version of a well-known result 
of [§. 

Acknowledgment. The author would like to thank Institute for Studies in Theoretical 
Physics and Mathematics for supporting this research. 

References 



9 



[I] Benci, V., A new approach to Morse-Conley theory and some applications, Ann. Mat. 
Pure Appl. 68 (1991), 231-305. 

[2] Benci, V., Introduction to Morse theory: a new approach. Topological nonlinear anal- 
ysis, 37-177, Progr. Nonlinear Differential Equations Appl., vol. 15, Birkhuser Boston, 
Boston, MA, 1995. 

[3] Benci, V. and Degionanni, M., Morse-Conley theory, In preparation. 

[4] Benci, V. and Giannoni, F., Morse theory for C 1 -functionals and Conley blocks. Topol. 
Methods Nonlinear Anal, 4 (1994), 365-398. 

[5] Conley, C, Isolated invariant set and the Morse index, CBMS Notes, 38 (1978), AMS 
Providence, RI. 

[6] Conley, C. and Zehnder, E., The Birkhoff-Lewis fixed point theorem and a conjecture 
of V.I. Arnold, Invent. Math. 73 (1983), 33-49. 

[7] Conley, C. and Zehnder, E., Morse type index for flows and periodic solutions for 
Hamiltonian systems, Comm. Pure App. Math., 37 (1984), 207-253. 

[8] Chang, K.C., Infinite- Dinensional Morse Theory and Multiple Solution Problems, 
Birkhauser Boston, Inc., Boston, MA, 1993. 

[9] Cornea, O., Some properties of the relative Lusternik-Schnmirelmann category, Fields. 
Inst. Comm., 19 (1998), A.M.S., 67-72. 

[10] Dold, A., Lectures on Algebraic Topology, Springer- Verlag, Berline, Heidelberg, 1972. 

[II] Fadell E. and Hussiemi Y., Relative category, products and coproducts, Rend. Sem. 
Mat. Fis. Milano, 64 (1994), 99-115. 

[12] Lusternik, L. and Schnirelmann, L., Methodes topologiques dans le problemes varia- 
tionels, Herman, Paris, 1934. 

[13] McCord, C. and Oprea, J., Rational Lusternik-Schnirelmann category and the Arnold 
conjecture for nilmanifolds, Topology, 32 (1993), 701-717. 

[14] McDuff, D. and Salamon, D. Introduction to Symplectic Topology, Oxford Scientific 
Publication, 1995. 



10 



[15 
[16 

[it; 

[18 

[19 

[20 

[21 
[22 

[23 

[24 

[25 



Milnor, J. and Stasheff, J., Characteristic Classes, Ann. Math. Studies 76, Princeton 
Univ. Press, Princeton, New Jersy, 1974. 

Moyaux, Pierre-Marie, Lower bounds for the relative Lusternik-Schnirelmann cate- 
gory, Manuscripta Math., 101 (2000), 533-542. 

Palais, R.S., Lusternik-Schnirelmann theory on Banach manifolds, Topology 5 (1966), 
115-132. 

Pozniak, M., Lusternik-Schnirelmann category of an isolated invariant set. Univ. 
Iagel. Acta. Math., 31 (1994), 129-139. 

Razvan, M.R., Lusternik-Schnirelmann theory for a Morse decomposition, Southeast 
Asian Bull. Math., to appear. 

Razvan, M.R., Lusternik-Schnirelmann theory and Conley index, a noncompact ver- 
sion, Asian J. Math., 4 (2000), 383-390. 

Razvan, M.R., Lusternik-schnirelamnn categories on index pairs, Math. Z., to appear. 

Robbin, J. and Salamon, D., Dynamical systems, shape theory and the Conley index, 
Ergodic Theory Dynamical Systems, 8* (1988), 375-393. 

Rudyak, Y., On analytical applications of stable homotopy (the Arnold conjecture, 
critical points), Math. Z., 230 (1999), 679-694. 

Rudyak, Y. and Schlenk, Lusternik-Schnirelmann theory for general spaces, Preprint 
|math.DS/000?m 



Salamon, D., Connected simple systems and the Conley index for isolated invariant 
sets, Trans. Amer. Math. Soc, 291 (1985), 1-41. 



11 



